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Abstract

Two-percent agar gel cylinders were heated using pulsed and continuous microwave energy. Temperature distribution inside the
sample was measured and compared with numerical predictions based on the Lambert’s law and Maxwell’s equations. The
Maxwell’s equations account for the standing wave effect inside the sample, the Lambert’s law does not. The results show that
the predictions based on the Maxwell’s equations are statistically more accurate than those based on the Lambert’s law, especially
around the sample edge. The measured temperature distributions and the corresponding predictions using both models indicate
better temperature uniformity in the agar gel cylinders under pulsed microwave heating, though the total process time is longer, than

under continuous microwave heating.
© 2003 Published by Elsevier Ltd.
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1. Introduction

Heating food materials by electromagnetic radiation
is widely used in commercial, industrial, and household
applications. These applications rely on internal heat
generated from interaction between the material and
electromagnetic radiation. The propagation fields based
on Maxwell’s equations are associated with power flux,
namely, Poynting vector of harmonic fields (Ayappa,
Davis, Crapiste, Davis, & Gordon, 1991; Cheng, 1992).

The models developed based on oscillating power
principle are useful for prediction of hot spots (Fu &
Metaxas, 1992). The oscillating power absorption prin-
ciple for thin slabs of food with differing dielectric
properties is the key to number of patents by a group at
Pillsbury Corp., Minneapolis, MN (Atwell, Pesheck,
Krawjecki, & Anderson, 1990, 1992; Pesheck, Atwell,
Krawjecki, & Anderson, 1991a, 1991b, 1992). These
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patents describe the principle that, by changing the
thickness and thermal mass (product of sample mass
and its specific heat capacity) of a given food layer the
heating rate of that layer is changed.

In spheres and cylinders, a concentrated heating fre-
quently occurs at the focal points within a sample
(Ohlsson & Risman, 1978). Pangrle, Ayappa, Davis,
Davis, and Gordan (1991) proposed models for cylin-
drical shapes to study phase changes of frozen brine
(salted water) thawed by microwave energy. Yang and
Gunasekaran (2001) studied the effect of pulsed micro-
wave heating based on the Lambert’s law to describe
the electric field behavior in 2% agar gel cylinders.
However, the Lambert’s law does not account for node/
anti-node formation (Barringer, Davis, Gordon,
Ayappa, & Davis, 1995).

In the present study, Maxwell’s equations, related to
space and time dependence, were solved to determine
the absorbed microwave power. The absorbed power
was applied intermittently to a finite-difference heat
transfer model to simulate the temperature distribution
in 2% agar gel cylinders heated by pulsed microwave
power.
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The objectives of this research were to:

e investigate the temperature distribution (TD) in 2%
agar gel sample cylinders heated by continuous and
pulsed microwave energy,

o predict the sample TD by solving the Lambert’s Law
and Maxwell’s equations of microwave power ab-
sorbed by the samples,

e compare the measured and predicted TD in the sam-
ple under continuous and pulsed microwave heating.

2. Theory and analyses
2.1. Implicit finite-difference model

For a cylinder, the unsteady state (transient) differ-
ential equation can be solved term-by-term difference
approximation of the equation:

o’'T 10T T P T )
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where T = sample temperature (°C), » = radial distance
(m), z = axial distance (m), P = absorbed power (W),
k = thermal conductivity (Wm™!°C™!), ¢ = time, and
oy = thermal diffusivity (m?s™"), respectively.

In the case of one-dimensional heat transfer, the third
term of Eq. (1) on the left drops out. For the cylindrical
geometry in finite-difference (FD) formulation, a typical
inner node follows the first law of thermodynamics and
yields:

VipGodTi dR dr
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where R; = distance from the sample center (m),
V; = volume between R; = dR/2 (m?®), P, = power gene-
ration in ¥; (W), p = density of the material (kg/m?),
C, = specific heat capacity (kJkg™'°C™!), dr = time
increment (s) and d7; = temperature difference at nodal
point i between present time (/) and new time step
(t+ Ar) (°C). The heat flux terms, ¢;_; and ¢;,|, are re-
lated to temperature by the Fourier’s law of conduction.

For a typical boundary nodal point, the second term
on the right side in Eq. (2) is substituted by the con-
vection boundary condition: kA4, (7; — T,:), where,
h = average heat transfer coefficient, 4, = surface area
at the boundary (m?) and T,;, = temperature of ambient
air (°C). The initial condition is: 7(¢t = 0) = Tjyu for
0 <r<R. We have previously reported (Yang & Gun-
asekaran, 2001) the stability and the validation of this
heat transfer model. The absorbed microwave power is
obtained by solving the Lambert’s law or Maxwell’s
equations.

2.2. The Lambert’s law

The average temperature rise in a material during
microwave heating time ¢ depends on the total micro-
wave energy absorbed by the material. The energy bal-
ance gives:

tPabs
3
Vo (3)

ATav =

where, AT,, = average temperature rise (°C), P,,s = total
power absorbed (W), ¢=heating time (s) and
V = sample volume (m?), p =sample density kg/m?,
C, = sample specific heat capacity (kJkg=' °C™").

If one-dimensional analysis is considered and the
incident radiation is assumed to be normal to the sur-
face, the power dissipated at a certain sample depth is
given by the exponential decay of the incident power
along that direction (Fig. 1). The power term was de-
rived by Von Hippel (1954) and is often referred to as
the Lambert’s law:

P(x) = Pe 2 (4)

where, x = depth or distance from surface along the
radial axis (m), P(x) = power dissipated at the depth x
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Fig. 1. Cylindrical coordinate system and corresponding unit vectors
for the case of electromagnetic radiation incident normal to the sur-
face.
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(W), P, = incident power or power at the surface (W),
and f = attenuation constant (m~") which is a function
of frequency of radiation, f (Hz); velocity of radiation, ¢
(m/s); dielectric constant, x’; and loss tangent, tan ¢. It is
given by the following equation:

2nf |K'y/1+ (tan 87’ —1

B c 2

(4a)
To calculate the incident power (P,), the total absorbed
power (Pys) is expressed as the volume integral of the
P(x) function. For a cylindrical sample in an azimuthal
wave field:

Z p2n R
P, — / P(x)dV = / / / Pe " dxdudz (5)
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where, Z and R are the height and radius of the test
sample (m), respectively. The power absorbed by each
cylindrical shell (P) in the sample based on the
Lambert’s law is (Padua, 1993; Yang & Gunasekaran,
2001):
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p
where the subscripts 1 and 2 refer to the outer and inner
peripheries of the shell. In the case of pulsed microwave

application, the power term for each node (7)) is applied
to Eq. (2).

2.3. Maxwell’s power dissipation

A propagating electromagnetic wave is composed of
oscillating electric (E) and magnetic (B) field compo-
nents. Maxwell’s equations describing their space and
time variations are:
and VxH:J—i—aa—lt) (7)
where E (Vm™') and H (Am™") are the electric and
magnetic fields, J = current flux (Am™2), D = electric
displacement (Cm™2) and B = magnetic induction
(Wbm™2). With the help of (i) constitutive relations
using the time dependence expression, (ii) material
magnetic permeability p approximated by its value in
free space, (iii) electroneutral condition of the material
and (iv) one-dimensional azimuthal microwave behavior
in a cylinder, Maxwell’s equations yield:

E 1
37+;%+ka:0 for 0<r<R (8)
where k% = o’ uyeo(K' +ik"), o = angular velocity
(rads™1), u, = free space permeability (Hm™!), ¢y = free
space permittivity (Fm™!), ¥’ = dielectric constant and
k" = dielectric loss factor.
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Eq. (8) is rendered dimensionless by substituting:

E
r*:]—l; and u:E—O 9)
Noting that u = v + iw, Eq. (7) reduces to the following
two equations that are solved with their appropriate

boundary conditions:

dv 1 dv
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and
2
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dr2 " dr
where = R*w*pyeor’, 1 = R o’ uyeor”. The boundary
conditions at ¥ = 0 are:

dv dw

— T _ 12
dre drt 0 (12)
while boundary conditions at »* =1 are:

dv

dr*—l—clv—i—czw:Q (13)
and
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where
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where J and Y are Bessel functions, subscripts 0 and 1
are zero-order and first-order of Bessel functions and
o = is the free space wave number (m™'), E, (Vm™") is
the intensity of the incident field related to power term
Py (W) by:

CS()E%

Py = (15)

o R

The power term as a function of * is calculated from v
and w based on the Poynting vector:

P(r*,t) = RPweok"Ey(v® +w?) for 0SR* < 1 (16)

For the case of constant properties, the coupled Egs.
(13) and (14) can be solved with the help of (Yang,
2002):

Ci — ¢y +1cq
= 7(C2 + 1C3)J1(C2 + 1C3) —+ (Cl + iCQ)Jo(Cz —+ 1C3)
where C; +1C; = /¥ +1y. (17)
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Table 1

Dielectric, physical, and thermal properties of 2% agar gel
Property Value
Specific heat capacity, C, (kJ/kg.°C) 4.2¢
Thermal conductivity, k (W/m.°C) 0.60*
Density, p (kg/m?) 1070*
Dielectric constant, x’ 73.6*
Dielectric loss, k” 11.52

Average surface heat transfer coefficient (h) 41.7°

#Data from Barringer et al. (1995).
®Data from Yang and Gunasekaran (2001).

The analytical solutions of the coupled equations are:
v(r*) = Re{C1J[(C1 +1Cy)r"]} (18)
W(}"*) = Im{ClJo[(Cl + iCz)}"*]} (19)

where Re and Im refer to corresponding real and
imaginary parts.

2.4. Temperature distribution prediction

Applying the two forms of microwave power solu-
tions based on the Lambert’s law or Maxwell’s equa-
tions to the implicit finite-difference heat transfer model,
the interior temperature profile of a microwave-heated
sample can be predicted. For pulsed microwave heating
the absorbed power is zero in the heat transfer equation
during the power-off periods. The software used for
computation is MATLAB (MathWorks Inc., Natick,
MA). The physical and thermal properties (Table 1) of
agar gel reported by Barringer et al. (1995) were used in
the calculations, though we recognize that material
properties change during microwave heating.

3. Methods and materials
3.1. Microwave oven

A laboratory microwave oven (Labotron 500, Zwag
Inc., Epone, France) operating at 2.45 GHz and output
power setting of 250 W was used. The 33x22x35-cm
(width x height x depth) oven cavity houses a 25x 3.5 cm
(diameter x height) turntable that rotates at 15 rpm. The
velocity of the outlet air, measured using a vane ane-
mometer (Keuffel and Esser Co. New York), during
microwave oven operation was 0.84 m/s.

3.2. Sample preparation

Agar gel samples were prepared by dissolving 40 g
(2%) of agar powder (Bacto Agar, Difco Inc., Detroit,
MI) in 1960 mL of warm (~40 °C) distilled water in a
2000-mL pyrex glass beaker. The agar-water solution
was heated until agar powder was totally dissolved and
the gel solution was clear. It was then poured into 600-

mL or 400-mL pyrex glass beakers and cooled to room
temperature into solid sample cylinders. The radii of
samples prepared in 600-mL and 400-mL beakers were 4
cm and 3.5 cm, respectively. The sample height in both
cases was 7 cm. The sample cylinders were stored at 4 °C
for 16 h to ensure uniform initial sample temperature for
microwave heating. The plastic film wrap (Saran Warp,
The Dow Chemical Company, Indianapolis, IN) was
used to cover the beakers during the heating, cooling
and storing to prevent moisture loss.

3.3. Microwave process

The microwave oven was operated at pulsing ratios
(duty cycles) of 1 (continuous), 2 (30-s power-on, 30-s
power-off) and 3 (20-s power-on, 40-s power-off). The
pulsing ratio, PR, is defined as:

ton + toff)

PR = (20)

fon
where, #,, and t,¢ = duration of the microwave power-
on and -off per duty cycle (s), respectively. The total
microwave power-on time for all experiments was 3 min.
However, it should be noted that the total process time
for PR = 1,-3 are respectively 3, 6, and 9 min.

3.4. Temperature measurement

For each experiment, one agar gel cylinder was
placed at the center of the turntable in the microwave
oven. For every sample, temperatures were measured
across the horizontal mid-plane (i.e., z = 3.5 cm) at the
radial distances of 0-3 cm for 3.5-cm radius samples and
0-4 cm for 4-cm radius samples. The sample cylinder
was removed from the microwave oven after every
minute of microwave heating, and temperature mea-
surements were made. A new sample was used for
temperature measurements after each time interval. A
type-T thermocouple probe (0.82-mm diameter) (Omega
Engineering Inc., Stamford, CT) connected to a data-
logger (Model 34970A, Hewlett Packard, Beverton, OR)
was used to measure the temperature. The time constant
of the thermocouple was about 0.25 s. A 0.5-cm thick
cardboard with holes drilled 1 cm from each other along
the radius was placed on top of the agar gel cylinder
matching the sample edge. The thermocouple probe was
then inserted into the sample via the holes in the card-
board until it reached the mid-plane. Single thermo-
couple was used for all measurements. The readings
were taken starting from the sample center (0 cm) and
moving outward. The temperature at each location was
measured in triplicates using three samples. The average
and the standard deviation of the three temperature
measurements were calculated to represent the temper-
ature distribution in the sample cylinder. For each
sample, all temperature measurements were completed



H.W. Yang, S. Gunasekaran | Journal of Food Engineering 64 (2004) 445-453 449

Center
1 cm
2cm

g
S
o

Top view

4 3.5cm—P|

Mid-plane

Turntable

Fig. 2. Temperature measurement locations in 3.5x7 cm (radiusx
height) agar gel cylinders for validating one-dimensional heat transfer
assumption.

within 30 s after the sample was removed from the
microwave oven. The temperature variation at each
location due to the 30-s delay during the measurements
was determined. The effect of this 30-s delay (handling
time effect) on temperature measurement was evaluated
(Fig. 1)

The sample dimensions used raised a concern if they
can satisfy one-dimensional radial heat transfer
assumption To validate this temperatures were mea-
sured along the z-axis at different heights as shown in
Fig. 2 at the microwave power setting of 250 W. We
note here that Mudgett (1986) showed that one-dimen-
sional model is satisfactory for his samples of similar
dimensions (5-cm radiusx7-cm height agar gel cylin-
ders).

3.5. Average absorbed microwave power

The average absorbed power (P,,) in the microwave
oven was determined experimentally. The 250-W oven
setting was employed to heat distilled water of different
volumes (ranging from 56 to 352 cm?®) for 180 s (Yang,
2002). The efficiency of energy transfer between the
microwave oven and the food sample is related to the
product’s dielectric properties. The efficiency is also re-
lated to the nature of the product and volumetric load of
the sample (Mudgett, 1986). The average temperature
rise (AT,,), the difference between the temperatures be-
fore and after microwave heating, was measured. The
temperatures were measured after stirring the heated

water for 10 s using a hand mixer (KitchenAid, KTM-7)
at the lowest speed (250 rpm) to ensure temperature
uniformity. The distilled water can be lost during the
microwave heating due to the moisture evaporation. The
effect of evaporative cooling was determined by mea-
suring the difference in mass of distilled water (Aw) be-
fore and after microwave heating. The average
temperature rise (AT7,,) was calculated from the follow-
ing energy balance relationship:

pVCpATdV + hngW
Povs = P

(1)

where, p = density of distilled water (= 1000 kgm™3),
V' = volume of the distilled water, C, = specific heat
capacity (=4.18 kJkg~' °C™!), AT,, = average temper-
ature rise (°C) and ¢+ = microwave heating period (180 s),
hgy = latent heat of water (=2338 kJ/kg at 27 °C and
atmospheric pressure). Three replications of tempera-
ture rise measurements were made.

The variation in the absorbed microwave power as a
function of sample placement on the turntable (at 0-2
cm away from the turntable center) was evaluated. The
absorbed power and the power-absorption efficiency
(ratio of absorbed power to microwave oven power
setting during processing) in the microwave oven for
both experimental conditions were determined.

3.6. Validation of azimuthal microwave heating assump-
tion

The assumption of azimuthal microwave heating was
also validated by measuring the sample temperatures at
the same radial distance but at different angular loca-
tions (0°, 120° and 240°). Temperature variation along
the z-axis in 3.5x7 and 4x7 cm (radiusx height) agar
gel cylinder after being heated in the microwave oven
used was evaluated. The heating duration was 3 min at
250-W oven setting and the temperature distribution in
the agar gel cylinders was measured. The measured
points are shown in Fig. 2. The temperature distribu-
tions in the 3.5- and 4-cm diameter sample cylinder were
determined.

The y>-test was used to accept or reject the hypothesis
that measured and predicted temperatures were the
same, at P = 0.01 (Bender, Douglass, & Kramer, 1981).

4. Results and discussion

The effect of the maximum 30-s delay during tem-
perature measurement did not significantly (P > 0.01, F-
test) affect the temperatures measured. The temperatures
measured at 0 and 2 cm from center in 3.5-cm and 4-cm
radius samples after 3 min of continuous heating at 250-
W microwave oven power setting are shown in Fig. 3.
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Fig. 3. Temperature variation at measurement locations 0 and 2 cm
from center in 3.5- and 4-cm radius 2% agar gel cylinders during 30 s of
handling after 3-min microwave heating. The vertical error bars are
shown.

The variation in microwave absorbed power as a
function of sample placement (226+3.7 W) on the
turntable was also not statistically significant (P > 0.01).
The absorbed power and the power-absorption effi-
ciency in the microwave oven for both sample sizes are
listed in Table 2. The power-absorption efficiency in-
creased as the sample volume increased. The tempera-
ture variation at different spatial angles was not
significant (Table 3). Each set of temperatures measured
at the same horizontal plane along z-axis (Yang, 2002)
was compared to that at the mid-plane (depth =3.5 cm)
using a paired f-fest. The data presented in Table 4
indicate that the temperature set at all z locations are not
significantly (P > 0.01) different from that at the mid-
plane. Therefore, the mid-plane temperatures can rep-
resent the average temperature along the z-direction.
This also validates out one-dimensional heat transfer
assumption.

Maxwell’s and Lambert’s microwave power distri-
bution in the 3.5- and 4-cm radius agar cylinders as a
function of radius is shown in Fig. 4. The electric field
was assumed to orient along the z-direction. The Max-
well’s power distribution presents an oscillating pattern
due to the space and time dependence of electromagnetic
fields. The Lambert’s power distribution presents an
exponential decay function because the node/anti-node
effect of waves is not considered. The Lambert’s power

Table 2

Table 3
Temperatures (mean + standard deviation, °C) at different angular
locations in a 3.5-cm agar gel cylinder

Location from Angular location

center (cm) 0° 120° 240°

0 14.9+0.61 — -

1 8.7+0.17 8.4+0.25 8.2%0.1

2 10.5+0.38 10.1£0.35 10.3£0.31

3 11.7+0.40 12.6+0.25 12.8£0.40
Table 4

Paired #-test for temperatures at mid-plane (MP, z = 3.5 cm) compared
to other locations along z-axis of agar gel samples

Depth (cm) 3.5-cm radius sample  4-cm radius sample
t-value P t-value P
MP vs. average 1.24 0.323 1.42 0.229
MP vs. 0.5 2.37 0.098 3.83 0.019
MP vs. 2.0 1.20 0.455 3.60 0.023
MP vs. 5.0 2.46 0.091 1.62 0.181
MP vs. 6.5 5.17 0.014 3.87 0.018
25

em— 4 cm, Maxwell's

= = 4cm,Lambert's

3.5 cm, Maxwell's

20 A

----- 3.5 cm, Lambert's

Microwave absorbed power (W)

0 0.5 1 1.5 2 2.5 3 3.5 4

Radial distance from center (cm)

Fig. 4. Maxwell’s and Lambert’s model predicted microwave power
absorbed during continuous heating of 2% agar gel cylinders (3.5- and
4-cm radius) as a function of radial distance from sample center. The
electric field is oriented along the vertical z-axis of the cylinder.

at the outer portion of the sample along r-axis is sig-
nificantly larger than the Maxwell’s prediction. The
power absorbed in the 3.5-cm radius sample cylinder is

Absorbed power and energy-transfer efficiency in the microwave oven at 2.45 GHz and 250-W oven setting

Sample radius (cm) Sample volume (cm?)

Absorbed power

Power-absorption efficiency

(mean * standard deviation, W) (%)
3.5 269 223.5+3.70 89.4
4.0 352 233.9+2.89 93.6
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generally larger than that in a 4-cm sample cylinder at
the same radial distance. Theoretically, for smaller ra-
dius samples, the oscillating microwave power pattern is
stronger because of the penetrating nature of the
microwaves (Fu & Metaxas, 1992).

In the case of a cylindrical body, the annular incre-
mental volume (7;) along the r-axis converges as a
function of 1/7* from the sample surface to the center
(same sample height, where » = radial distance). The
absorbed microwave power (Ps) generally decreases
exponentially from the sample surface. Due to the
combination effect of absorbed power and incremental
volume, the power density (power absorbed per unit
sample volume, P,,s/¥;) represents the focusing effect of
microwave heating (Fig. 5) and the hot spot along the 7-
axis (i.e., sample center). The location of power focusing
depends on the sample size, and is not necessarily at the
center for a very large sample.

The measured and predicted sample temperature
profiles at the end of 1 and 3 min heating by microwave
power source with PR = 1-3 (continuous microwave
power for PR = 1) for are shown as Figs. 6 and 7. For
all the microwave processes, the largest temperature
difference between any two consecutive measured points
occurred at R = 0 and 1 cm. As the duration of micro-
wave heating increased, the temperature difference in-
side the sample increased. The pulsed microwave
heating resulted in lower temperature differences and
minimized the hot spot effect.

For continuous microwave heating process, the
sample temperature profiles predicted by the Maxwell’s
equations represent an oscillating pattern and agree with

4 cm, Maxwell's

N
o
L

L L
TR W T

= = 4.cm, Lambert's

3.5 cm, Maxwell's
----- 3.5 cm, Lambert's

Absorbed microwave power density (MW/m®)

Radial distance from center (cm)

Fig. 5. Maxwell’s and Lambert’s model predicted microwave power
density absorbed during continuous heating of 2% agar gel cylinders
(3.5- and 4-cm radius) as a function of radial distance from sample
center. The electric field is oriented along the vertical z-axis of the
cylinder.
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Fig. 6. Predicted temperature profiles based on Maxwell’s (MP) and
Lambert’s (LP) models compared to the measured (M) temperature
profile in 4-cm radius 2% agar gel cylinders after 1 and 3 min of
microwave heating with pulsing ratio (PR) of 1-3 (symbols represent
measured data along with error bars).

the power deposition. For pulsed microwave heating,
the sample temperature profiles based on Maxwell’s
prediction represent fairly smooth curves. The results
are as expected because during power-off periods of the
pulsed microwave application, thermal diffusion helps to
equalize the oscillating temperatures established during
microwave power-on periods (Yang & Gunasekaran,
2001).

The measured temperatures were compared to the
predicted temperatures based on Maxwell’s equations
and the Lambert’s Law using the y>-test after 1-3-min of
total microwave application (Table 5). The y*> = 45.6 at
P =0.01 with degrees of freedom =26 (Bender et al.,
1981). The predicted TD based on either Maxwell’s or
Lambert’s power is not significantly different from the
measured TD (P > 0.01). However, the Lambert’s pre-
diction results in overestimating the temperature near
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Fig. 7. Predicted temperature profiles based on Maxwell’s (MP) and
Lambert’s (LP) models compared to the measured (M) temperature
profile in 3.5-cm radius 2% agar gel cylinders after 1 and 3 min of
microwave heating with pulsing ratio (PR) of 1-3 (symbols represent
measured data along with error bars).

Table 5
Chi-square values for Maxwell’s and the Lambert’s predictions com-
pared to the measured temperatures during microwave heating

Microwave processing > of Maxwell’s > of Lambert’s

time (min) prediction prediction
1 5.56 7.25

3.86 10.01
3 4.24 16.06

the sample surface. The calculated »*> increased as
microwave heating time increased for the Lambert’s
predictions but remained about the same for the Max-
well’s predictions. These statistical results indicate that
Maxwell’s prediction is more accurate than the Lam-
bert’s for long heating times.

5. Conclusions

The predicted temperature profiles within the sample
based on either the Lambert’s law or Maxwell’s equa-
tions were statistically accurate as compared to the
measured temperatures. The power formulation based
on Maxwell’s equations is more accurate than that
based on Lambert’s, especially at the outer boundary of
the sample. Due to the semi-infinite critical sample
length assumption of the Lambert’s law, the standing
wave effect was not considered, the temperature at 3-cm
for the 3.5-cm radius (smaller) sample thus was overes-
timated. The local hot spot observed at the sample
center during continuous microwave heating is sub-
stantially reduced by pulsed microwave heating under
the conditions of same total microwave heating time
(total magnetron on-time). It should be noted, however,
the pulsed microwave application takes longer
total process time than continuous microwave applica-
tion.
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